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� ,VWDQEXO�7HFKQLFDO�8QLYHUVLW\��1XFOHDU�(QHUJ\�,QVWLWXWH��������0DVODN��,VWDQEXO��7XUNH\�� ,VWDQEXO�7HFKQLFDO�8QLYHUVLW\��,QIRUPDWLFV�,QVWLWXWH��������0DVODN��,VWDQEXO��7XUNH\�$%675$&77KHUH� LV� DQ� DWWUDFWLYH� IRUFH� EHWZHHQ� WZR� SDUDOOHO� QHXWUDO� FRQGXFWLQJ� SODWHV� DW� D� GLVWDQFH� G�� HYHQ� DW� DEVROXWH� ]HUR�WHPSHUDWXUH�DQG�QR�PDWWHU�LV�SUHVHQW�LQ�WKH�JDS�VHSDUDWLQJ�WKHP��7KLV�HIIHFW�LV�FDOOHG�WKH�&DVLPLU�HIIHFW�DQG�LW�LV�GXH�WR�WKH�TXDQWXP�YDFXXP�IOXFWXDWLRQV�RI�WKH�]HUR�SRLQW�HOHFWURPDJQHWLF�ILHOG��$W�ILQLWH�WHPSHUDWXUHV�� �z7 .���SUHVVXUH�DQG�DOVR� WKH� RWKHU� WKHUPRG\QDPLF� SURSHUWLHV� EHFRPH� WHPSHUDWXUH� GHSHQGHQW� EHVLGHV� WKH� GLVWDQFH� G�� +HQFH�� LW� LV�WKHRUHWLFDOO\� SRVVLEOH� WR� GHVLJQ� VRPH� KHDW� HQJLQHV� EDVHG� RQ� WKH� &DVLPLU� HIIHFW� DW� ILQLWH� WHPSHUDWXUH�� ,Q� WKLV� ZRUN��WKHUPRG\QDPLF� DQDO\VLV� RI� D� &DUQRW� KHDW� HQJLQH� EDVHG� RQ� WKH� &DVLPLU� HIIHFW� DW� ILQLWH� WHPSHUDWXUH� LV� DLPHG� WR�XQGHUVWDQG WKH�WKHUPRG\QDPLF�VWUXFWXUH�RI�WKLV�NLQG�RI�PDFKLQHV��7ZR�SDUDOOHOV��QHXWUDOV��SHUIHFWO\�FRQGXFWLQJ�SODWHV�DUH� FRQVLGHUHG� DV� D� KHDW� HQJLQH� GHYLFH�� )RU� ORZ� � /+E& 77GNF7 !!! !S �� DQG� KLJK� � &/+ 777 !!! �� WHPSHUDWXUH�OLPLWV��KHDW�DQG�ZRUN�H[FKDQJH�H[SUHVVLRQV�IRU�LVRWKHUPDO��LVREDULF��LVRFKRULF�DQG�LVHQWURSLF�SURFHVVHV�DUH�GHULYHG�E\�WDNLQJ� WKH� &DVLPLU� HIIHFW� LQWR� DFFRXQW�� ,W� LV� VHHQ� WKDW� ZRUNLQJ� IOXLG� LV� WKH� FODVVLFDO� �WKUHH�GLPHQVLRQDO�� EODFN�ERG\�UDGLDWLRQ� �%%5�� DW� KLJK� WHPSHUDWXUH� OLPLW�� ZKLOH� LW� LV� WZR�GLPHQVLRQDO� %%5� DW� ORZ� WHPSHUDWXUH� OLPLW�� %\� XVLQJ� WKH�GHULYHG� H[SUHVVLRQV��PD[LPXP�ZRUN� DQG�PD[LPXP�ZRUN�GHQVLW\� RI� D�&DUQRW�SRZHU� F\FOH� DUH� FDOFXODWHG��1XPHULFDO�UHVXOWV�DUH�FRPSDUHG�DW�ERWK�KLJK�DQG�ORZ�WHPSHUDWXUH�OLPLWV��,W�LV�VKRZQ�WKDW�PD[LPXP�ZRUN�DW�ORZ�WHPSHUDWXUH�OLPLW��DW�ZKLFK�WKH�&DVLPLU�HIIHFW�EHFRPHV�GRPLQDQW��LV�PXFK�OHVV�WKDQ�WKH�PD[LPXP�ZRUN�DW�KLJK�WHPSHUDWXUH�OLPLW��2Q�WKH�RWKHU� KDQG�� RSSRVLWH� RI� WKLV� VLWXDWLRQ� LV� YDOLG� IRU� PD[LPXP�ZRUN� GHQVLW\�� 7KHVH� UHVXOWV� SURYLGHV� WR� XQGHUVWDQG� WKH�EHKDYLRXUV�RI�KHDW� HQJLQHV�EDVHG�RQ� WKH�&DVLPLU� HIIHFW�DQG� WKH\�FDQ�DOVR�EH�XVHG� LI� VXFK�KHDW� HQJLQHV�EDVHG�RQ� WKH�QDQR�WHFKQRORJ\�DUH�GHVLJQHG�LQ�WKH�QHDU�IXWXUH�
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7KHUH�LV�DQ�DWWUDFWLYH�IRUFH�EHWZHHQ�WZR�SDUDOOHO�QHXWUDO�FRQGXFWLQJ�SODWHV�HYHQ�LI�WHPSHUDWXUH�HTXDOV�WR�DEVROXWH�]HUR�DQG�WKH�JDS�VHSDUDWLQJ�WKHP�LV�HPSW\��7KLV�HIIHFW��ZKLFK� LV� FDOOHG� WKH� &DVLPLU� HIIHFW�� DULVHV� IURP� WKH�TXDQWXP� YDFXXP� IOXFWXDWLRQV� RI� ]HUR� SRLQW�HOHFWURPDJQHWLF� ILHOG� >���@�� 7KH� HPSW\� VSDFH� EHWZHHQ�WKH�SODWHV�LV�ILOOHG�]HUR�SRLQW�HOHFWURPDJQHWLF�ILHOG�LQ�DOO�ZDYHOHQJWKV� DQG� WKH� YDOXH� RI�PD[LPXP�ZDYHOHQJWK� LV�OLPLWHG�E\�WZR�WLPHV�RI�WKH�GLVWDQFH�EHWZHHQ�WKH�SODWHV��7KHUHIRUH�� DQ� HQHUJ\� GLIIHUHQFH� RFFXUV� EHWZHHQ� WKH�LQQHU� DQG� RXWHU� UHJLRQV� RI� WKH� SODWHV�� 7KLV� HQHUJ\�GLIIHUHQFH�FDXVHV�D�QHJDWLYH��DWWUDFWLYH��SUHVVXUH��ZKLFK�LV�JLYHQ�E\�
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7KH� &DVLPLU� HIIHFW LV� YHULILHG� E\� WKH� YDULRXV�H[SHULPHQWV� >���@��$OWKRXJK� WKLV� SUHVVXUH� LV� DERXW� ����DWP�DW� D� VHSDUDWLRQ�RI� ����QP�� LW� LV� DERXW� �� DWP�DW� ���QP�� 7KXV�� WKLV� HIIHFW� EHFRPHV� LPSRUWDQW� HVSHFLDOO\� LQ�PLFURQ�DQG� VXEPLFURQ� VWUXFWXUHV�DQG� VR� LQ�PHVRVFRSLF�VFLHQFH� DQG� QDQR�WHFKQRORJ\�� ,Q� D� UHFWDQJXODU� RU�VSKHULFDO� FDYLW\� VXUURXQGHG� E\� SHUIHFWO\� FRQGXFWLYH�VXUIDFH�� &DVLPLU� IRUFH� EHFRPHV� UHSXOVLYH� >���@��7KHUHIRUH�� WKH� GLUHFWLRQ� RI� WKLV� IRUFH� GHSHQGV� RQ� WKH�JHRPHWU\�RI�WKH�FDYLW\�$W� ILQLWH� WHPSHUDWXUHV�� �z7 .��� WKH�SUHVVXUH�DQG� DOVR� WKH� RWKHU� WKHUPRG\QDPLF� SURSHUWLHV� EHFRPH�WHPSHUDWXUH�GHSHQGHQW� EHVLGHV� WKH� GLVWDQFH� G��7KHUHIRUH�� WKHRUHWLFDOO\� LW� LV� SRVVLEOH� WR� GHVLJQ� VRPH�KHDW� HQJLQHV� EDVHG� RQ� WKH� &DVLPLU� HIIHFW� DW� ILQLWH�WHPSHUDWXUH�� 5HFHQWO\�� WKHUPRG\QDPLFV� RI� WKH� YDFXXP�DQG� HQJLQH� F\FOHV� EDVHG� RQ� WKH� &DVLPLU� HIIHFW� KDYH�EHFRPH� DQ� LQWHUHVWLQJ� UHVHDUFK� VXEMHFWV� IRU� VFLHQWLVWV�ZKR� DUH� LQWHUHVW� LQ� ERWK� WKHUPRG\QDPLFV� DQG�TXDQWXP�WKHRU\�RI�YDFXXP�>������@�,Q� WKLV� ZRUN�� WKHUPRG\QDPLF� DQDO\VLV� RI� D�&DUQRW�KHDW�HQJLQH�EDVHG�RQ�WKH�&DVLPLU�HIIHFW�DW�ILQLWH�WHPSHUDWXUH� LV� PDGH� WR� XQGHUVWDQG� WKH� WKHUPRG\QDPLF�VWUXFWXUH�RI� WKLV�NLQG�RI�PDFKLQHV��7ZR�SDUDOOHO�QHXWUDO�SHUIHFWO\� FRQGXFWLQJ� SODWHV� DUH� FRQVLGHUHG� DV� D� KHDW�HQJLQH�GHYLFH�
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��� +($7� (1*,1(6� %$6('� 21� 7+(�&$6,0,5� ())(&7� $7� ),1,7(�7(03(5$785(
$�VLPSOH�KHDW�HQJLQH�EDVHG�RQ�WKH�&DVLPLU�HIIHFW�DW�ILQLWH�WHPSHUDWXUH�LV�VKRZQ�LQ�)LJXUH����2QH�RI�WKH�SODWHV�LV�IL[HG�DQG�WKH�RWKHU�LV�D[LDOO\�PRELOH��7KH�YDOXH�RI�VXUIDFH�DUHD�RI�WKH�PRELOH�SODWH��$��WDNHV�WKH�YDOXHV�EHWZHHQ�WKH�KLJK��$+��DQG�ORZ��$/��DUHD�YDOXHV��6XUIDFH�DUHD�RI�WKH�IL[HG�SODWH�LV�$+��7KHUHIRUH��ERWK�VXUIDFH�DUHD�DQG�GLVWDQFH�EHWZHHQ�WKH�SODWHV�FDQ�EH�FKDQJHG�

)LJXUH����$�VLPSOH�KHDW�HQJLQH�EDVHG�RQ�WKH�&DVLPLU�HIIHFW�DW�ILQLWH�WHPSHUDWXUH�
%HFDXVH� RI� WKH� FRQVHUYDWLYH� QDWXUH� RI� WKH�HOHFWURPDJQHWLF� ILHOG��QHW�ZRUN�RXWSXW�RI�D�KHDW�HQJLQH�EDVHG� RQ� WKH�&DVLPLU� HIIHFW� DW� ]HUR� WHPSHUDWXUH� �7 ���HTXDOV� WR� ]HUR� >�@�� :RUN� LV� FRQVXPHG� RQ� WKH� V\VWHP�DJDLQVW�WKH�ODWHUDO�IRUFHV�WR�GHFUHDVH�WKH�VXUIDFH�DUHD��$DQG�DJDLQVW�WKH�QRUPDO�IRUFHV�WR�LQFUHDVH�WKH�GLVWDQFH�G��7KLV�FDXVHV�WKH�HQHUJ\�RI�WKH�V\VWHP�JLYHQ�E\�HTXDWLRQ�����WR�LQFUHDVH��7KLV�SURFHVV�FRUUHVSRQGV�WR�FRPSUHVVLRQ�SURFHVV�� 2Q� WKH� FRQWUDU\�� ZKHQ� WKH� VXUIDFH� DUHD�� $LQFUHDVHV� DQG� WKH� GLVWDQFH�� G� GHFUHDVHV�� WKH� ZRUN� LV�SURGXFHG� E\� WKH� V\VWHP�� 7KLV� FDXVHV HQHUJ\� RI� WKH�V\VWHP� WR� GHFUHDVH�� 7KLV� SURFHVV� FRUUHVSRQGV� WR�H[SDQVLRQ� SURFHVV�� &RQVHTXHQWO\�� VLQFH� WKH� FRQVXPHG�DQG� SURGXFHG� ZRUNV� HTXDO� WR� HDFK� RWKHU�� QHW� ZRUN�RXWSXW�HTXDOV�WR�]HUR�LQ�D�F\FOLF�SURFHVV�IRU�7 ��7R�REWDLQ�D�SRVLWLYH�QHW�ZRUN�RXWSXW��LW�LV�QHHGHG�WR� DQRWKHU� SDUDPHWHU� HIIHFWLQJ� WKH� &DVLPLU� SUHVVXUH��'LHOHFWULF� FRQVWDQW� RI� WKH� SODWHV� DQG� WHPSHUDWXUH� RI� WKH�LQQHU�UHJLRQ�EHWZHHQ�WKH�SODWHV�DUH�WKLV�NLQG�RI�SDUDPHWHUV��,I� WKH� FRQYHUVLRQ� RI� KHDW� HQHUJ\� WR�PHFKDQLFDO� HQHUJ\� LV�UHTXLUHG�� WKH� VXLWDEOH� SDUDPHWHU� LV� WHPSHUDWXUH�� $V�PHQWLRQHG� DERYH�� &DVLPLU� HIIHFW� GHSHQGV� RQ� WKH�WHPSHUDWXUH� RI� WKH� UHJLRQ� EHWZHHQ� SODWHV�� 7KHUHIRUH��SRVLWLYH� QHW� ZRUN� RXWSXW� FDQ� EH� REWDLQHG� E\� RSHUDWLQJ�GLIIHUHQW SDUWV�RI� WKH�F\FOH�DW�GLIIHUHQW� WHPSHUDWXUHV��7KLV�W\SH�RI� D�PDFKLQH� LV� D� KHDW� HQJLQH�EDVHG�RQ� WKH�&DVLPLU�HIIHFW� DW� ILQLWH� WHPSHUDWXUH�� ,W� LV� SRVVLEOH� WR� GHVLJQ�PDQ\�GLIIHUHQW� KHDW� HQJLQHV� EDVHG� RQ� WKH� &DVLPLU� HIIHFW� LQ�GLIIHUHQW�JHRPHWU\�

7R�XQGHUVWDQG WKH� WKHUPRG\QDPLF� VWUXFWXUH�RI�KHDW�HQJLQHV�EDVHG�RQ�WKH�&DVLPLU�HIIHFW��D�&DUQRW�KHDW�HQJLQH�RI�WKLV�W\SH�LV�H[DPLQHG�LQ�WKLV�ZRUN�
���� 3K\VLFDO� SULQFLSOH� RI� WKH� RSHUDWLRQ� RI� D� &DUQRW�KHDW� HQJLQH� EDVHG� RQ� WKH� &DVLPLU� HIIHFW� DW� ILQLWH�WHPSHUDWXUH,I� WKHUH� LV�RQH�FRQGXFWLYH�SODWH�ZLWK� WHPSHUDWXUH��7� LQ�HPSW\� VSDFH�� LW� UDGLDWHV� LQ� DOO� ZDYHOHQJWKV� RI� WKHUPDO�VSHFWUXP�� ,I� D� VHFRQG� SDUDOOHO� FRQGXFWLYH� SODWH� LV�EURXJKW� WR� WKH� GLVWDQFH�� G�� IURP� WKH� ILUVW� SODWH��HOHFWURPDJQHWLF� HPLVVLRQV� LQ� ZDYHOHQJWKV� ORQJHU� WKDQ��G DUH�IRUELGGHQ�LQ�WKH�LQQHU�UHJLRQ�EHWZHHQ�WKH�SODWHV��7KHUHIRUH�� D� SUHVVXUH� GLIIHUHQFH� RFFXUV� EHWZHHQ� WKH�LQQHU�DQG�RXWHU�UHJLRQV��7KLV�PHDQV�WKDW�QHW�SUHVVXUH�LV�QHJDWLYH� DQG� WKH� SODWHV� EHLQJ� DWWUDFWHG� WR� HDFK� RWKHU��7KH�WRWDO�HQHUJ\�RI�HOHFWURPDJQHWLF�ZDYHV�LQ�IRUELGGHQ�ZDYHOHQJWKV�LV�HTXDO�WR�WKH�HQHUJ\�FRUUHVSRQGLQJ�WR�WKH�ZRUN�GRQH�E\�QHJDWLYH�SUHVVXUH�ZKHQ� WKH� VHFRQG�SODWH�LV�EURXJKW�IURP�LQILQLW\�WR�GLVWDQFH�G��)RU�WKLV�UHDVRQ��WR�LQFUHDVH� WKH� GLVWDQFH�G� D�ZRUN� LV� GRQH� RQ� WKH� V\VWHP��7KH�LQFUHPHQW�RI�G FDXVHV�D�GHFUHPHQW�LQ�WKH�QXPEHU�RI�IRUELGGHQ�ZDYHOHQJWKV�DQG�WKH�FRQVXPHG�HQHUJ\�RQ�WKH�V\VWHP�LV�XVHG�WR�UH�FUHDWH�WKH�HOHFWURPDJQHWLF�ZDYHV�LQ�IRUELGGHQ� ZDYHOHQJWKV�� 6LPLODUO\�� WR� GHFUHDVH� WKH�VXUIDFH� DUHD� RI� WKH� SODWHV�� DQ� DPRXQW� RI� HQHUJ\� LVFRQVXPHG�� 7KLV� FRQVXPHG� HQHUJ\� LV� XVHG� WR� UH�FUHDWH�WKH�HOHFWURPDJQHWLF�ZDYHV�IRUELGGHQ�ZDYHOHQJWKV�LQ�WKH�UHJLRQ�EHFRPLQJ�XQFRQVWUDLQHG�&RQVHTXHQWO\�� WKHUH� DUH� WZR� ZD\V� WR� PDNH� D�ZRUN� H[FKDQJH� ZLWK� WKH� V\VWHP�� 2QH� LV� WR� FKDQJH� WKH�GLVWDQFH�G DQG�WKH�VHFRQG�LV�WR�FKDQJH�WKH�VXUIDFH�DUHD�$�7KHUH� DUH� WZR� DV\PSWRWLF� RSHUDWLRQ� OLPLWV��QDPHO\� ORZ� DQG� KLJK� WHPSHUDWXUH� OLPLWV�� ,Q� WKH� ORZ�WHPSHUDWXUH� OLPLW�� WKH� IRUELGGHQ�ZDYHOHQJWKV�FRQVWLWXWH�WKH� VLJQLILFDQW� SDUW� RI� WKH� VSHFWUDO� HQHUJ\� GLVWULEXWLRQ��(OHFWURPDJQHWLF� HPLVVLRQV��ZKLFK� DUH� QRUPDO� GLUHFWLRQ�WR� WKH� SODWHV�� DUH� IRUELGGHQ� DOPRVW� FRPSOHWHO\�� 7KLV�PHDQV� WKDW� WZR�GLPHQVLRQDO�%%5�HPLVVLRQ� WDNHV�SODFH�LQ�WKLV�FDVH��,Q�WKH�KLJK�WHPSHUDWXUH�OLPLW��WKH�IRUELGGHQ�ZDYHOHQJWKV� FRQVWLWXWH� WKH� LQVLJQLILFDQW� SDUW� RI� WKH�VSHFWUDO�HQHUJ\�GLVWULEXWLRQ��3UDFWLFDOO\��WKH�HPLVVLRQ�RI�%%5�WDNHV�SODFH�LQ�WKUHH�GLPHQVLRQ�LQ�WKLV�FDVH�
���'(5,9$7,21�2)�+($7�$1'�:25.�(;&+$1*(� (;35(66,216� '8(� 72�7+(� &$6,0,5� )25&(� $7� ),1,7(�7(03(5$785(
6RPH�WKHUPRG\QDPLF�SURSHUWLHV�RI�D�V\VWHP FRQVLVWLQJ�RI� WZR� SHUIHFWO\� FRQGXFWLYH� SDUDOOHO� SODWHV� HIIHFWHG� E\�WKH�&DVLPLU�IRUFH�KDYH�EHHQ�GHULYHG�LQ�OLWHUDWXUH�>��@��,I�D�FULWLFDO�WHPSHUDWXUH�LV�GHILQHG�DV

GN F7 E& !S � ���
WKHUPRG\QDPLF� TXDQWLWLHV� FDQ� EH� H[SUHVVHG� E\�DSSUR[LPDWH� DQDO\WLFDO� IXQFWLRQV� IRU� ORZ� �7��7&�� DQG�KLJK� �7!!7&�� WHPSHUDWXUH� OLPLWV� DIWHU� VRPH�PDWKHPDWLFDO� PDQLSXODWLRQV� >��@�� 7R� LJQRUH� WKH� ORVW�
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ZRUN� GXH� WR� H[WHUQDO� SUHVVXUH�� LW� LV� DVVXPHG� WKDW�H[WHUQDO� SUHVVXUH� LV� HTXDO� WR� ]HUR�� 7KHUHIRUH�� RXWHU�UHJLRQ�RI� WKH�SODWHV� LV�D�YDFXXP�ZLWK�]HUR� WHPSHUDWXUH��7 ���DOWKRXJK�WKH�LQQHU�UHJLRQ�EHWZHHQ�WKH�SODWHV�LV�D�YDFXXP� DW� ILQLWH�WHPSHUDWXUH� � �z7 ��� 6LQFH� WKH�WHPSHUDWXUH� RI� RXWHU� UHJLRQ� LV� DVVXPHG� WR� EH� ]HUR��SUHVVXUH�� HQHUJ\� DQG� HQWURS\� H[SUHVVLRQV� DUH� REWDLQHG�IRU�7��7& DV�IROORZV�UHVSHFWLYHO\�
�
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ZKHUH� � �[[ LV� WKH� 5LHPDQQ� ]HWD�IXQFWLRQ� GHILQHG� DV�¦f ��Q
[Q DQG� � � ������ #[ �� (TXDWLRQ� ���� UHSUHVHQWV� WKH�]HUR� WHPSHUDWXUH�&DVLPLU�SUHVVXUH��7KXV�� LW� LV� XQGHUVWRRG�WKDW�WKH�SUHVVXUH�RI�%%5�LQ�WKH�LQQHU�UHJLRQ�LV�QHJOLJLEOH�LQ�FRPSDULVRQ� ZLWK� WKH� ]HUR� WHPSHUDWXUH� &DVLPLU� SUHVVXUH�ZKHQ�7��7&��7KH� ILUVW� WHUP� LQ� HTXDWLRQ� ���� UHVXOWV� IURP�WKH�ZRUN�GRQH�E\�]HUR�WHPSHUDWXUH�&DVLPLU�IRUFH�ZKLOH�WKH�SODWHV�FRPH�IURP�WKH�LQILQLW\�WR�GLVWDQFH�G��,Q�RWKHU�ZRUG��LW�UHSUHVHQWV� WKH� ]HUR� WHPSHUDWXUH� &DVLPLU� SRWHQWLDO� HQHUJ\�DQG�LW�FDQ�EH�REWDLQHG�E\�LQWHJUDWLQJ�WKH�HTXDWLRQ�����IURP�G WR� LQILQLW\�� ,W�FDQ�EH� LQWHUSUHWHG� WKDW� WKH�VHFRQG� WHUP� LQ�HTXDWLRQ�����UHSUHVHQWV�WKH�HQHUJ\�RI��'�%%5�LQ�WKH�LQQHU�UHJLRQ��7R�YHULI\�WKLV�LQWHUSUHWDWLRQ��WKH�IROORZLQJ�ZD\�FDQ�EH�XVHG� )RU��'�%%5��WKH�HQHUJ\�LV�FDOFXODWHG�E\�>��@
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�
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S!S ���
ZKHUH� 9 LV� YROXPH� RI� WKH� FRQVLGHUHG� VSDFH�� S LV� WKH�PRPHQWXP� RI� D� SKRWRQ� DQG� G�S LV� WKH� YROXPH� RI�GLIIHUHQWLDO� PRPHQWXP� VSDFH�� 7KH� IDFWRU� RI� �� UHVXOWV�IURP� WKH� IDFW� WKDW� WKHUH� DUH� WZR� SRVVLEOH� WUDQVYHUVH�SRODUL]DWLRQ� VWDWHV� RI� DQ� HOHFWURPDJQHWLF� ZDYH� LQ� �'��8VLQJ� WKH� LGHQWLW\� RI� GSSG �� �SoS DQG� LQWURGXFLQJ�7NFS[ E ��HTXDWLRQ�����EHFRPHV�
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�
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(TXDWLRQ�����LV�D�ZHOO�NQRZQ�H[SUHVVLRQ�IRU�WKH�HQHUJ\ RI�%%5�LQ��'�>��@��7R�FDOFXODWH� WKH�HQHUJ\�RI��'�%%5�� LW�VKRXOG� EH� QRWLFHG� WKDW� WKHUH� LV� RQO\� RQH� SRVVLEOH�WUDQVYHUVH� SRODUL]DWLRQ� VWDWH� RI� DQ� HOHFWURPDJQHWLF�ZDYH�LQ��'�VLQFH� LW� LV�QRW�SRVVLEOH� WR� URWDWH�DQ�HOHFWULFDO� ILHOG�YHFWRU� LQ� �'��0RGLI\LQJ� HTXDWLRQ� ���� E\� XVLQJ� WKLV� IDFW�DQG� WKH� LGHQWLW\� RI� SGSG S�� oS �� WKH� HQHUJ\� RI� �'�%%5�FDQ�EH�REWDLQHG�DV�
� � ³f � �
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(TXDWLRQ� ��E�� LV� WKH� VDPH� ZLWK� WKH� VHFRQG� WHUP� LQ�HTXDWLRQ� ����� 7KHUHIRUH�� LW� LV� XQGHUVWRRG� WKDW�WHPSHUDWXUH� GHSHQGHQW� WKHUPRG\QDPLF� SURSHUWLHV�FDXVHG� E\� WKH� &DVLPLU� HIIHFW� DW� ILQLWH� WHPSHUDWXUH�RULJLQDWHV� IURP� WKH� WKHUPRG\QDPLF� SURSHUWLHV� RI� �'�%%5�� (TXDWLRQ� ���� DOVR� UHSUHVHQWV� WKH� HQWURS\� RI� �'�%%5��,W�FDQ�EH�GHULYHG E\�XVLQJ�WKH�VLPLODU�ZD\�LQ�WKH�GHULYDWLRQ�RI�HQHUJ\�RI��'�%%5��)RU� 7!!7&�� SUHVVXUH�� HQHUJ\� DQG� HQWURS\�TXDQWLWLHV� DUH� JLYHQ� DV� WKH� IROORZLQJ� IRUPV� XQGHU� WKH�]HUR�H[WHUQDO�WHPSHUDWXUH�DVVXPSWLRQ
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(TXDWLRQV�����������DUH�WKH�FODVVLFDO�H[SUHVVLRQV�RI��'�%%5� >��@�� 7KHUHIRUH�� LW� LV� VHHQ� WKDW� WKHUPRG\QDPLF�SURSHUWLHV� RI� WKH� V\VWHP� FRQVLVW� RI� WKH� WKHUPRG\QDPLF�SURSHUWLHV�RI��'�%%5�ZKHQ�7!!7&�%\� XVLQJ� HTXDWLRQV� �������� DQG� ����������� KHDW�DQG� ZRUN� H[FKDQJH� H[SUHVVLRQV� FDQ� EH� GHULYHG� IRU�LVRWKHUPDO�� LVREDULF�� LVRFKRULF� DQG� LVHQWURSLF� SURFHVVHV�DW�ORZ�DQG�KLJK�WHPSHUDWXUH�OLPLWV�DV�IROORZV�
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LL��,VREDULF�3URFHVV��3�LV�FRQVWDQW�x )RU�7��7&�,Q� WKLV� FDVH�� G LV� DOVR� D� FRQVWDQW� GXH� WR� HTXDWLRQ� �����+HDW�H[FKDQJH�H[SUHVVLRQ�LV� � � �³ � I
L

ELI $77$7FN4 GG���� ����
�!S[ � ����

,Q� FDVH� WKDW� ERWK� $ DQG� 7 DUH� YDULDEOH�� WKH� UHODWLRQ�EHWZHHQ�$ DQG�7 VKRXOG�EH�NQRZQ�VLQFH�4LI GHSHQGV�RQ�WKLV� UHODWLRQ�� 7KHUHIRUH��4LI LV� FDOFXODWHG� E\� HTXDWLRQ������ ZKHQ� $�7� LV� NQRZQ�� 2Q� WKH� RWKHU� KDQG�� LW� LV�SRVVLEOH�WR�JLYH�D�VROXWLRQ�IRU�WZR�VLPSOH�FDVH�
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7�6 GLDJUDP�RI�D�&DUQRW�SRZHU�F\FOH�LV�VKRZQ�LQ�)LJXUH����6LQFH� WKH� &DUQRW� HIILFLHQF\� LV� LQGHSHQGHQW� IURP� WKH�SK\VLFDO� SURSHUWLHV� RI� ZRUNLQJ� IOXLG�� HIILFLHQF\� UHPDLQV�XQFKDQJHG�� 7KHUHIRUH�� QHW� ZRUN� RXWSXW� LV�
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)LJXUH� ��� 7�6 GLDJUDP� RI� D� &DUQRW� SRZHU�F\FOH�
%\�XVLQJ�HTXDWLRQV������DQG������IRU�4����PD[LPXP�ZRUN�DQG�PD[LPXP�ZRUN�GHQVLW\�DUH�REWDLQHG�IRU�ORZ�DQG�KLJK�WHPSHUDWXUH�OLPLWV�DV�IROORZV�x &DVH�,��/RZ�WHPSHUDWXUH�OLPLW��7+��7&�7KH� FRQGLWLRQ� RI� 7+��7& UHVWULFWV� WKH� PD[LPXP�GLVWDQFH�EHWZHHQ�WKH�SODWHV��G+��DV� +E+ 7NFG !S�� ��,I�O/ LV�GHILQHG�DV�D�SDUDPHWHU� IRU� ORZ� WHPSHUDWXUH� OLPLW��RQH� FDQ� ZULWH� +E+ 7NFG !SO/ DQG� O/����� 8VLQJ�HTXDWLRQ�������RQH�FDQ�ZULWH� � � � F+E $$7FN: KS[ ��� �����

� � ! ����
%\� FRQVLGHULQJ� HTXDWLRQV� ���� DQG� ������ LW� LV� VHHQ� WKDW�

��� $$$ �� �� �� $$ � DQG� ���� /+ 7$7$  ��6LQFH�$� LV�WKH� ORZHVW� DUHD� ZKLOH� $� LV� WKH� KLJKHVW� RQH�� WKH\� FDQ�V\PEROL]HG� DV� /$$  � DQG +$$  � �� 7KXV�� HTXDWLRQ������EHFRPHV� � � �WWS[ �¸̧¹·¨̈©§ � ����� ����
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$++E U$7FN: ! ����
ZKHUH�U$ LV�DUHD� UDWLR�GHILQHG�DV� /+$ $$U  DQG�W LV�WHPSHUDWXUH� UDWLR� GHILQHG� DV� +/ 77 W �� $FFRUGLQJ� WR�HTXDWLRQ�������: UHDFKHV�WR�LWV�PD[LPXP�YDOXH�ZKHQ�U$JRHV�WR�LQILQLW\�DQG�W JRHV�WR������7KLV�PD[LPXP�LV�WKH�XOWLPDWH�YDOXH�RI�:��7KHUHIRUH��PD[LPXP�ZRUN�LV� � ++E0D[ $7FN: ���

������� !S[ � ����
,I� PD[LPXP� ZRUN� GHQVLW\�� � �0D[G: �� LV� GHILQHG� DV�PD[LPXP�ZRUN�SHU�PD[LPXP�YROXPH�� � �0D[G: LV� � � � OS[ �
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x &DVH�,,��+LJK�WHPSHUDWXUH�OLPLW��7/!!7&�7KH� FRQGLWLRQ� RI� 7/!!7& OHDGV� WR� WKH� FRQGLWLRQ� RI�
/E/ 7NFG !S!! �� ,I� O+ LV� GHILQHG� DV� D� SDUDPHWHU� IRU�KLJK� WHPSHUDWXUH� OLPLW�� RQH� FDQ� ZULWH�
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/E/ 7NFG !SO+ DQG� O+!!��� 8VLQJ� HTXDWLRQ� ������ZRUN�LV�H[SUHVVHG�DV� � F+E 997FN: KS��� �����
�� � ! ����

ZKHUH�9 LV� WKH�YROXPH�GHILQHG�DV�9 $G��$FFRUGLQJ� WR�HTXDWLRQV� ����� DQG� ������ RQH� FDQ� ZULWH� WKDW�
��� 999 �� �� �� 99 � DQG� ���� /+ 7979  �� 6LQFH� 9� LV�WKH�ORZHVW�YROXPH�ZKLOH�9� LV�WKH�KLJKHVW�RQH��WKH\�FDQ�V\PEROL]HG� DV� /99  � DQG� +99  � �� 7KHUHIRUH��HTXDWLRQ������FDQ�EH�UH�ZULWWHQ�DV� �WWS �¸̧¹·¨̈©§ � ����� ����
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9++E U97FN: ! ����
ZKHUH� U9 LV� YROXPH� UDWLR� GHILQHG� DV� /+9 99U  �� 7KH�FRQGLWLRQ�IRU�PD[LPXP�SRVVLEOH�ZRUN�LV�WKH�VDPH�ZLWK�WKDW� RI� HTXDWLRQ� ������ fo9U DQG� ��oW ��&RQVHTXHQWO\�� PD[LPXP� ZRUN� IRU� KLJK� WHPSHUDWXUH�OLPLW�LV

++E0D[ 97FN: ���
������ !S � ����� �0D[G: LV�HDVLO\�REWDLQHG�IURP�HTXDWLRQ �����DV� � ���
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7R� JLYH� DQ� LGHD� DERXW� WKH� PDJQLWXWH� RI�PD[LPXP�ZRUN�DQG�PD[LPXP�ZRUN�GHQVLW\��QXPHULFDO�UHVXOWV�DUH�REWDLQHG�IRU�ORZ�DQG�KLJK�WHPSHUDWXUH�OLPLWV�E\�FKRRVLQJ�WKH�YDOXHV�RI�7+ DQG�$+ DV�7+ �����.�DQG�$+ �� P��� %\� XVLQJ� HTXDWLRQ� ������ PD[LPXP� ZRUN�GHQVLW\�DQG�PD[LPXP�GLVWDQFH�DW�ORZ�WHPSHUDWXUH�OLPLW�DUH�REWDLQHG�LQ�WHUP�RI�O/ DV� � > @�P-�� PO/0D[G: # ����> @QP���� /+G O# ����7KHUHIRUH�� PD[LPXP� ZRUN� LV� FDOFXODWHG� E\� XVLQJ�HTXDWLRQV������DQG������DV� � Q-����# ++0D[G0D[ G$:: ����,I�O/ LV� WDNHQ�DV�O/ ������ WKHQ�HTXDWLRQV� �����DQG� �����JLYH�WKH�IROORZLQJ�UHVXOWV� � �P���� -: 0D[G P# ����QP��#+G ����6LPLODUO\�� E\� XVLQJ� HTXDWLRQ� ������ PD[LPXP�ZRUN�GHQVLW\�DW�KLJK�WHPSHUDWXUH�OLPLW�DUH�FDOFXODWHG�DV� � > @�P-��� P#0D[G: � ����%\� FRQVLGHULQJ� /E+/ 7NFG !SO DQG� QRWLQJ� WKDW��� W ��WKH�PLQLPXP�GLVWDQFH��G/��LV�H[SUHVVHG�LQ�WHUP�RI�O+ DV > @QP���� +/G O# ����,I� O+ LV� WDNHQ� DV�O+ ����� WKHQ� HTXDWLRQ� ����� JLYH� WKH�IROORZLQJ�UHVXOWP��� P#/G ����

,Q WKLV�FDVH��WKHUH�LV�QR�DQ\�OLPLWDWLRQ�RQ�G+��,I�G+ �P��WKHQ�PD[LPXP�ZRUN�LV�REWDLQHG�E\�HTXDWLRQ������DV� � -��� P# ++0D[G0D[ G$:: ����
���&21&/86,21
+HDW�DQG�ZRUN�H[SUHVVLRQV�GHULYHG�LQ�6HFWLRQ���FDQ�EH�XVHG� WR� HVWDEOLVK� WKH� WKHUPRG\QDPLF� PRGHOV� IRU� RWKHU�F\FOHV��OLNH�DV�%UD\WRQ��2WWR��HWF���EDVHG�RQ�WKH�&DVLPLU�HIIHFW� %\�FRQVLGHULQJ�WKH�UHVXOWV�REWDLQHG�LQ�WKLV�ZRUN��LW� FDQ�EH� VDLG� WKDW� WKH� KHDW� HQJLQHV�EDVHG�RQ� WKH�&DVLPLU�HIIHFW�FDQ�EDUHO\�SURGXFH�WKH�QHW�ZRUN�RXWSXW�SHU�F\FOH�LQ�Q-� RU�P-� VFDOH� HYHQ� IRU� WKH�PRVW� LGHDO� FDVH��7HPSHUDWXUH�GHSHQGHQW�WKHUPRG\QDPLF�SURSHUWLHV�RI�WKH�&DVLPLU�HIIHFW�UHVXOWV� IURP� WKH� WKHUPRG\QDPLF� SURSHUWLHV� RI� %%5��7KHUHIRUH��ZRUNLQJ�JDV�FRQVLVWV�RI�%%5��/RZ�WHPSHUDWXUH�SURSHUWLHV�RI� WKH�&DVLPLU� HIIHFW�GHDO�ZLWK��'�%%5�ZKLOH�LWV� KLJK� WHPSHUDWXUH� SURSHUWLHV� GHDO� ZLWK� �'�%%5�� 7KH�HQHUJ\� GHQVLW\� RI� %%5� LV� WRR� VPDOO� DW� FRPPRQ�WHPSHUDWXUHV��LQ�FRPSDULVRQ�ZLWK�WKH�RUGLQDU\�JDVHV��7KXV��QHW� ZRUN� RXWSXW� RI� D� KHDW� HQJLQH� EDVHG� RQ� WKH� &DVLPLU�HIIHFW� LV� WRR� VPDOO� WKDQ� WKDW� RI� WKH� HQJLQH� ZRUNLQJ� ZLWK�RUGLQDU\�JDVHV��)RU�WKLV�UHDVRQ��WKH\�GR�QRW�VHHP�WR�EH�XVHG�IRU�PDFUR�VFDOH�SRZHU�SURGXFWLRQ�)URP� HTXDWLRQV� ����� DQG� ������ LW� LV� VHHQ� WKDW�ZRUN�GHQVLW\�GHSHQGV�RQ�WKH�SDUDPHWHU�O/ EHVLGHV�7+ LQ�ORZ� WHPSHUDWXUH� OLPLW� ZKLOH� LW� GHSHQGV� RQ� RQO\� 7+ LQ�KLJK� WHPSHUDWXUH� OLPLW�� 7KHUHIRUH�� LW� LV� SRVVLEOH� WR�LQFUHDVH�WKH�ZRUN�GHQVLW\�E\�GHFUHDVLQJ�WKH�YDOXH�RI�O/ZKHQ� WKH� HQJLQH� LV� GHVLJQHG� WR� RSHUDWH� LQ� ORZ�WHPSHUDWXUH� OLPLW��7KLV�SURSHUW\�SURYLGHV�DQ�DGYDQWDJH�ZKHQ�WKH�ZRUN�GHQVLW\�LV�LPSRUWDQW��2Q�WKH�RWKHU�KDQG��LI�WKH�QHW�ZRUN�RXWSXW�LV�LPSRUWDQW��WKH�HQJLQH�VKRXOG�EH�GHVLJQHG�WR�RSHUDWH�LQ�KLJK�WHPSHUDWXUH�OLPLW��%HFDXVH��DV� FDQ� EH� VHHQ� E\� FRPSDULQJ� WKH� HTXDWLRQV� ����� DQG�������QHW�ZRUN�RXWSXW� LQ� ORZ� WHPSHUDWXUH� OLPLW� LV�PXFK�OHVV�WKDQ�WKH�QHW�ZRUN�RXWSXW� LQ�KLJK�WHPSHUDWXUH�OLPLW��,Q� KLJK� WHPSHUDWXUH� OLPLW�� KRZHYHU�� GLVWDQFH� EHWZHHQ�WKH�SODWHV�LV�WRR�ODUJH�LQ�FRPSDULVRQ�ZLWK�WKH�GLVWDQFH�LQ�ORZ�WHPSHUDWXUH�OLPLW�&RQVHTXHQWO\�� LW� VHHPV� WKDW� WKH� KHDW� HQJLQHV�EDVHG� RQ� WKH� &DVLPLU� HIIHFW� SURPLVH� WR� SURGXFH� RQO\�PLFUR�VFDOH�SRZHU�SURGXFWLRQ� HYHQ� LI� VRPH�RI� WKHLU� VL]HV��VXFK� DV� VXUIDFH� DUHD�� LQ�PDFUR�VFDOH��+RZHYHU�� DQDO\VHV�RI�VXFK�KHDW�HQJLQHV�SURYLGH�DQ�LQVLJKW�DERXW�WKH�SK\VLFDO�GHWDLOV�RI�ZRUNLQJ�PHFKDQLVP�RI�WKLV�NLQG�RI�HQJLQHV�
5()(5(1&(6
>�@�0LORQQL�3�:���7KH�4XDQWXP�9DFXXP��SS���������������������������������,6%1���������������������>�@� -DHNHO�0�7�� DQG�5H\QDXG�6���0HFKDQLFDO�(IIHFW� RI�5DGLDWLRQ� 3UHVVXUH� 4XDQWXP� )OXFWXDWLRQV�� 3URF�� �����(OHFWURQ� 7KHRU\� DQG� 4XDQWXP� (OHFWURG\DQPLFV�����<HDUV�/DWHU�&RQIHUHQFH��SS��������,6%1���������������������
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1RPHQFODWXUH
$ ��6XUIDFH�DUHD�RI�WKH�PRELOH�SODWH�$/ ��/RZ�YDOXH�RI�$$+ ��+LJK�YDOXH�RI�$

F ��6SHHG�RI�OLJKW�LQ�WKH�YDFXXP�G ��'LVWDQFH�EHWZHHQ�WKH�SODWHVG+ ��+LJK�YDOXH�RI�GG/ ��/RZ�YDOXH�RI�GG � 'LIIHUHQWLDO�RSHUDWRU! ��5HGXFHG�3ODQFN¶V�FRQVWDQWNE ��%ROW]PDQQ¶V�FRQVWDQWS ��3UHVVXUH��VFDOHU�YDOXH�RI�PRPHQWXP�YHFWRUS ��0RPHQWXP�YHFWRU4 ��+HDW�WUDQVIHUUHGU$ ��$UHD�UDWLR�GHILQHG�DV� /+$ $$U  U9 ��9ROXHP�UDWLR GHILQHG�DV� /+9 99U  6 ��(QWURS\7 ��7HPSHUDWXUH7F ��&ULWLFDO�WHPSHUDWXUH�GHILQHG�DV GNF7 EF !S 7+ ��+LJK�WHPSHUDWXUH7/ ��/RZ�WHPSHUDWXUH8 ��7RWDO�HQHUJ\�9 ��9ROXPH: ��:RUN
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